Many-body systems with chiral fermions exhibit anomalous transport phenomena originated from quantum anomalies. Based on quantum field theory, we derive the kinetic theory for chiral fermions interacting with an external electromagnetic field and a background curved geometry. The resultant framework respects the covariance under the U(1) gauge, local Lorentz, and diffeomorphic transformations. It is particularly useful to study the gravitational or non-inertial effects for chiral systems. As the first application, we study the chiral dynamics in a rotating coordinate and clarify the roles of the Coriolis force and spin-vorticity coupling in generating the chiral vortical effect (CVE). We also show that the CVE is an intrinsic phenomenon of a rotating chiral fluid, and thus independent of observer's frame.
Many-body systems with chiral fermions exhibit anomalous transport phenomena originated from quantum anomalies. Based on quantum field theory, we derive the kinetic theory for chiral fermions interacting with an external electromagnetic field and a background curved geometry. The resultant framework respects the covariance under the U(1) gauge, local Lorentz, and diffeomorphic transformations. It is particularly useful to study the gravitational or non-inertial effects for chiral systems. As the first application, we study the chiral dynamics in a rotating coordinate and clarify the roles of the Coriolis force and spin-vorticity coupling in generating the chiral vortical effect (CVE). We also show that the CVE is an intrinsic phenomenon of a rotating chiral fluid, and thus independent of observer's frame.
Introduction.-Quantum anomaly is a prominent concept in the transport phenomena of chiral fermions. One of its most novel consequences is the generation of paritybreaking currents, typified by the chiral magnetic effect (CME) [1, 2] and chiral vortical effect (CVE) [3] [4] [5] [6] . A crucial feature of these anomalous currents is that they are insensitive to the details of interactions and are thus universal. For this reason, such phenomena have received a lot of attention in a wide context of physics ranging from high-energy nuclear physics [7] [8] [9] [10] and the astrophysics [11] [12] [13] to condensed matter physics [14] [15] [16] .
To study the real-time dynamics of the anomalous transport phenomena, the chiral kinetic theory (CKT) is a promising approach which is applicable when the system is dilute and external fields are weak [17] [18] [19] [20] [21] [22] [23] [24] . In CKT, the chiral anomaly is encoded through the Berry curvature [25] , which modifies the Boltzmann equation and the phase space measure. Recently, various aspects of the CKT were investigated, including the Lorentz covariance [22, 23, 26, 27] , consistent versus covariant anomalies [28, 29] , particle collisions [22, 27, 30, 31] , etc.
Despite these developments, so far the CKT is restricted to flat spacetime and thus not conventional to explore the anomalous transport phenomena induced by gravitational or non-inertial effects [4, 5, [32] [33] [34] [35] . Although the classical Boltzmann equation is readily extended to curved spacetime, the formulation of the CKT in curved spacetime is highly nontrivial. The very few attempts so far [36, 37] considered only a special curved spacetime, that is, the rotating coordinate [38] , and lacked the general covariance. The more rigorous derivation should start with quantum field theory in curved spacetime.
In this Letter, we derive the CKT in an arbitrary curved spacetime and external electromagnetic field, based on the Wigner function that respects the U(1) gauge, diffeomorphism, and local Lorentz covariance [39] [40] [41] . We apply the resultant framework to a rotating coordinate and examine the frame dependence of the CVE, which is so far unclear. We show that, depending on the observer's frame, the Coriolis force and spin-vorticity coupling (and the side-jump effect) can be responsible to the generation of the CVE, but the total CVE current is always independent of the observer's frame.
Throughout this Letter, we choose the unit c = k B = e = 1 (with e the electric charge), but keep explicit; (un)hatted Greek indices denote local flat (curved) spacetime coordinates; ηαβ = diag(1, −1, −1, −1) is the Minkowski metric; ∇ µ denotes the covariant derivative for the diffeomorphic and local Lorentz transformations; the Levi-Civita symbol is ε µνρσ = −g(x)εμνρσ with ε0123 = −ε0123 = 1 and g = det(g µν ).
Phase space and horizontal lift.-In curved spacetime the definition of the phase space is subtle because a global notion of momentum is usually not permitted. This means that for each position x on the spacetime manifold M, one can introduce a momentum space P x attached to M. The phase space is then the collection of (x, P x ), which constitutes a fiber bundle. One of the natural choices is to define P x as the tangent or cotangent spaces so that the usual momentum space is reproduced in Minkowski spacetime. In this Letter, we employ the latter. That is, we define the momentum variable p µ as a point in the cotangent space, and the corresponding phase space is the cotangent bundle T * M. Similarly, a point y µ in the tangent space Y x is defined as the position variable canonically conjugate to p µ . The set of (x, Y x ) builds the tangent bundle TM.
The covariant derivative D µ in phase space is given by the horizontal lift of the covariant derivative ∇ µ on M to T * M [41, 42] ,
where the electromagnetic field is introduced to keep the U(1) gauge covariance and ∂ µ p = ∂/∂p µ . We can confirm that the last term in Eq. (1) correctly ensures the diffeomorphism covariance in T * M, as follows. Suppose that as "x-independent" variables under the parallel transport by D µ , because of
As a result, for arbitrary function Ψ(x) on M, its lifted image in TM is represented as the function translated by
Quantum transport in curved spacetime.-With the above preparation, we define the fermionic Wigner function covariantly under the U(1) gauge, diffeomorphic, and local Lorentz transformations, as follows:
. In Minkowski spacetime, Eq. (3) is reduced to a simple form with the Wilson line [43] :
) with x ± = x ± y/2 and the path ordering P.
In this Letter, we focus on the collisionless fermions, so the spinor field obeys the Dirac equation
where the covariant derivative is
Computing D µ ρ(x, y) and ∂ y µ ρ(x, y) with the help of the Dirac equation (4), we derive
where
The transport equation (5) involves the full quantum correction coupled with electromagnetic field and curved background. In Minkowski spacetime, Eq. (5) reproduces the transport equation derived in Ref. [43] .
In practice, Eq. (5) is a powerful tool for the semiclassical analysis with the systematic expansion in terms of . Let us adopt the power counting scheme with p µ = O(1) and
with
where R µν = R ρ µρν is the Ricci tensor. Further we decompose Eq. (6) with the basis of the Clifford algebra:
. After a lengthy but straightforward calculation, we obtain 
Thanks to the horizontal-lift prescription, we can solve Eqs. (11)- (13) in the same manner as that in flat spacetime. The general solution is given by [22, 23] 
withF µν = ε µνρσ F ρσ /2 and f = f (x, p) being the distribution function. The last term is called the sidejump term [26] ; we introduced the spin tensor Σ µν n ≡ ε µνλρ p λ n ρ /(2 p · n), where n µ (x) is an arbitrary vector to satisfy n · p = 0 and n 2 = 1. This vector field accounts for an ambiguity in defining the spin for massless particles [27] . Different n µ 's correspond to different spin-frames and they are connected via n ′µ = L µ ν n ν = e μ α Λαβeβ ν n ν with Λαβ being a matrix representation of the local Lorentz transformation.
Plugging Eq. (14) into Eq. (11), we eventually obtain
This is the curved-spacetime generalization of the conventional chiral kinetic equation [22, 23] . Several comments are in order. (I) In the classical limit → 0 we reproduce the Einstein-Vlasov equation:
The spin connection Γ µ is unrelated to Σ µν n . Indeed, since R µ is a vector, such a connection can never appear in Eq. (11). (III) The Riemann curvature naively seems to be an O(
2 ) correction, as Eqs. (8)- (10) show. However, once coupled with the side-jump term, it emerges even at O( ) in Eq. (15) . This term represents the so-called spincurvature force [45, 46] for chiral fermions. (IV) On the other hand, the curvature does not appear in the delta function, which designates the on-shell condition. However, this would not be the case at O( 2 ). In fact, from the viewpoint of field theory, the dispersion relation (without U(1) gauge field) reads p 2 − 2 R/4 = 0 due to
(see also Ref. [48] for a curvature correction to the CVE).
Equilibrium state.-To reveal the physical content of Eq. (15), we consider the equilibrium state. We drop A µ for simplicity. At equilibrium, f is generally written as a function of the linear combination of the collisional conserved quantities, i.e., the particle number, the linear momentum, and the angular momentum. Therefore we have f = f eq (g) with g = α(x) + β µ (x)p µ + γ µν (x)Σ µν n . Note that the orbital angular momentum is involved in the second term. Plugging f eq (g) into Eq. (15) and requiring it to hold for arbitrary p µ , we arrive at the following constraints:
where φ is an arbitrary scalar function and ⊥ represents the component perpendicular to n µ . We have three comments about the above equations. (I) Equation (16) (17), we find that α is a constant scalar. We define the chemical potential through α = −βµ.
(III) The equilibrium distribution is eventually given by f = f eq (g) with
The last term expresses the spin-vorticity coupling.
Rotating coordinate.-As the first application, we use our framework to revisit the derivation of CVE by considering a rotating coordinate. Let us choose a constant angular velocity ω = (ω 1 , ω 2 , ω 3 ) and hereafter set A µ = 0. The corresponding metric tensor reads
with u = (u 1 , u 2 , u 3 ) = x × ω. The nonzero components of the Christoffel symbol are Γ
, which lead to R ρ σµν = 0. The metric has an infinite red-shift surface at distance r = 1/|ω| away from the rotating axis. We focus on the spacetime region inside this surface where the metric (19) admits two timelike Killing vectors;
Note that the former (latter) corresponds to the inertial (rotating) observers [49] . The velocities of these two observers are
which are normalized as U 2 = 1. From the on-shell condition p 2 = g µν p µ p ν = 0, we obtain
where v p denotes the group velocity and the threemomentum is defined as p = −(p 1 , p 2 , p 3 ). Similarly, we can obtain ǫ
Thus p is identified as the momentum observed by the inertial observer. Note that the second terms in Eqs. (21) and (22) correspond to the rotating energy and velocity shifts, respectively. In the following, we analyze the CKT with several choices of n µ and U µ . Case 1: Inertial fluid.-First of all, we consider an inertial fluid (i.e., a fluid at rest in flat spacetime) with a rotating observer. We set
Performing the p 0 -integration of Eq. (15), we find (for the particle channel only; antiparticle channel is similar)
with f (t, x, p) = f (t, x, p, p 0 = ǫ p ). From the above equation, we identifyẋ = v p andṗ = p × x, which reproduce the Coriolis and centrifugal force:ẍ = 2ẋ × ω − ω × (ω × x). From Eq. (14), the particle number current reads
and Ω p =p/(2|p| 2 ) being the Berry curvature. Note that due to ∇ µ U ν in = 0, at equilibrium all the O( ) corrections disappear in Eq. (24), and thus it is just the classical Liouville current: J = p v p f eq . Also from Eqs. (14) and (18) for U µ = U µ in , we can check that the same is true for arbitrary n µ . Therefore, the CVE is never induced by an inertial fluid, independently of the observer's reference frame and the spin-frame choosing vector n µ . Case 2: Rotating fluid.-In this case we adopt U µ = U µ rot , that is, we consider a fluid at rest in the rotating coordinate. Hereafter let us focus on the small ω limit to simplify the discussions.
First, we choose n µ = U µ in , which leads to the kinetic equation and the current as the same forms as Eq. (23) and (24), respectively. However, physical quantities are affected by quantum corrections. When we take f = f eq (g) = 1/(e g + 1) and append the antiparticle contribution (for which µ is replaced with −µ), the O(ω) terms in Eq. (24) yield
which is the well-known CVE current. The spin-vorticity coupling term in Eq. (18) are prominent to induce J CVE . Becase of this coupling, the first term in Eq. (24) gives 1/3 of J CVE , while the second yields 2/3 [26, 37] . Second, we employ n µ = U µ rot . It is more convenient to work with a new three-momentum defined as q = (p 1 , p 2 , p 3 ), whose physical meaning will be explained later. After the p 0 integration, the kinetic equation reads
with the modified velocityṽ q = ∂ǫ q /∂q and energy dispersionǫ
The above kinetic equation exhibits an analogy between magnetism and rotation under two types of the correspondence, i.e., |q|ω ↔ B inǫ q (and so inṽ q ), and 2|q|ω ↔ B elsewhere, reflecting the fact that the Landé g factor is 2 for spin-1/2 particles. In other words, the spin-vorticity coupling plays a role of the magnetization coupling, and the Coriolis force can be regarded as a fictitious Lorentz force. This suggests that q is the momentum observed by the rotating observer. Indeed, Eq. (27) shows that the classical dispersion is linear to |q|. For this reason, Eq. (26) are represented only with quantities in the rotating coordinate. We note that the factor in front of ∂/∂t in Eq. (26) represents the quantum modification to the phase space measure [37] .
From Eq. (14), we compute the particle number current as
which, once substituted with f = f eq (g) = 1/(e g + 1), reproduces Eq. (25) again. Note that the first term does not contribute to the CVE current. In other words, the Coriolis force is responsible for generating the CVE whereas the spin-vorticity coupling is not. This explains why the heuristic replacement B → 2|q|ω works correctly [17] in computing the CVE current.
Some comments are in order. (I) The above analysis shows that the origin of the CVE can be interpreted differently for different n µ . For the inertial (rotating) spin-frame vector n µ = U µ in (U µ rot ), the CVE is induced through the spin-vorticity coupling (the Coriolis force). This is a clear demonstration for the nature of spinning massless particles: the total angular momentum is frame-dependently decomposed into the spin and the orbital parts [27, 50, 51] . (II) However, in both cases with n µ = U µ in and n µ = U µ rot , we derive the same CVE current (25) . Indeed, the choice of n µ is superficially irrelevant to the CVE, as it is compensated by the side-jump effect. This is confirmed from the fact that for arbitrary n µ , the equilibrium current is derived in the following spin-frame-independent form:
with g cl = β(−µ + p · U ) and
. At the same time, we note that Eq. (29) also holds for arbitrary curved spacetime. This explains why the CVE current (25) is the same as that in Minkowski coordinate [27, 52, 53] . The CVE is hence intrinsic for rotating fluid, of which the velocity configuration satisfies ∇ [µ U ν] = 0.
Summary and outlook.-We extended the framework of the chiral kinetic theory (CKT) to curved spacetime, based on quantum field theory. The CKT in curved spacetime is a primary tool for non-equilibrium chiral dynamics under the general-relativistic effect. This enables us to investigate the anomalous transport phenomena in various chiral matter systems with (effective) gravitational field or non-inertial forces, such as supernova or neutron star environment [54, 55] , rotating/expanding quark-gluon plasma [56] [57] [58] , thermal systems with the temperature gradient [59, 60] , and Weyl/Dirac semimetals under strain [61] [62] [63] or torsion [64] .
As an application, we analyzed the CKT in a rotating coordinate, and clarified the frame-dependent interpretation for the chiral vortical effect (CVE). Our calculation showed that although the CVE receives contributions from both the spin-vorticity coupling and Coriolis force depending on the choice of the defining frame of spin, their sum is independent of both the observer's frame and the spin-frame. In this Letter, we did not discuss about relation between the finite-temperature term in J CVE and the gravitational anomaly [32] . It is still left open if such a term is induced by the global anomaly [33] [34] [35] . The CKT in curved spacetime is an auspicious candidate to lead to a model-independent answer to this mystery.
